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Abstract. The planar digital terrain model to be used in the analysis of
forest measurements made with terrestrial LIDAR scanning is proposed
for regions dominated by plains. The structure of the data suggests that
the iterated version of the Hough transform is a suitable method. This
makes it possible to reduce the time and memory requirements of the
method. Randomization with the fraction of data used varying with distance to the scanner is proposed to address the biasing of the result
towards the measurements which are made with higher density in the
central part of the stand. Using this method instead of weighted voting
reduces the time of analysis. Hierarchical approach leads to further reduction of time. The method can be extended to models formed from
more than one plane.
Keywords: digital terrain model, DTM, ground level, LIDAR, TLS,
Hough transform, HT, randomized, iterated, hierarchical

1

Introduction

In the measurements of forest, the modeling of the terrain level (ground level) is
one of the fundamental tasks. Much has been done towards calculating the digital
terrain model (DTM) from the airborne laser scanning (ALS) data, e.g. [1], see [2]
for a literature survey. The errors of such models reported in literature exceed
0.5 m [3]. According to our knowledge, finding the DTM from the terrestrial laser
scanning (TLS) data was rarely or not at all reported in the literature until quite
recently. Costantino and Angelini [4] developed a method based on least squares
estimation and interpolation for enhancing the DTM found for TLS and other
data for a road-type area using commercial systems. Eltner et al. [5] investigated
soil erosion with the use of a very precise DTM found from TLS and unmanned
aerial vehicle data. Puttonen [6] proposed a method of finding the DTM from
TLS, which is one of the first literature reports on the analysis of forest TLS
data aimed at finding the DTM. At the same time, in some publications on
the measurement of forest parameters, the terrain model is found from ALS,
?
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like in [7], or is not explicitly mentioned at all, like for example in [8]. In our
previous works [9,10,11] we have made an implicit simplifying assumption that
the ground is a horizontal plane. In this paper we shall consider a tilted plane.
As stated above, the errors of the DTMs, for regions vegetated by forests,
found from ALS data exceed 0.5 m. In geographical regions dominated by plains,
large areas comparable in size to single forest stands, typically analyzed with TLS
in one measurement run, can be approximated with a single plane well within
the error bounds of corresponding size.
Finding the terrain model is the first step in the analysis, so as the data the
measurement points without information on whether they belong to the terrain,
to the trees or to other objects should be used. Therefore, the method to be
applied should be robust against the presence of data which do not belong to the
object to be modeled. The terrain model will be the plane, so it is expected that
those data which are consistent with the most apparent plane should be taken
into account. This suggests to use one of the robust methods belonging to the
family of Hough transforms (HT) originated by P.V.C. Hough in [12] and further
developed in innumerable studies. Besides that this transform was applied to
many problems, there is little literature on the detection of planes with HT. The
classical HT is considered in [16] for detecting a plane in 3D parameter space,
but its large time and memory consumption lead to a conclusion that another
method of plane detection should be chosen. In [17] a number of different Hough
space concepts is analyzed and a new ball-shaped architecture is proposed which
assures uniform accuracy and rotation invariance of the solutions. The voting
subset consists of three points randomly chosen from the set of measurement
points, which makes it possible to find three parameters of the plane in each
vote. The classical HT is used in [18], while the emphasis of that paper is laid
upon the problem of manipulating the plane representation within the frames
of the conformal geometric algebra. In [19] the curved shape of the LIDAR
scans which follow the shape of conics is utilized to organize the accumulation
more efficiently. In [20] the data used are structured in such a way that it is
possible to find the local direction of the postulated plane. This direction is used
to decouple the calculations of direction and distance. In [21] the clustering of
points is possible, so the centroids and the directional structure of clusters can
be used to organize the accumulation.
In this paper we shall not utilize any ordering in the data set. To avoid the
use of a 3D accumulator for the 3D problem of detection of the plane we shall
apply the Iterated HT introduced in the photogrammetry setting by Habib and
Schenk [13]. This will solve the problem of large memory consumption. The
excessive time requirements resulting from the large number of data and the
relatively high required accuracy of the plane parameters will be overcome with
the use of a hierarchical version of the HT.
The TLS data for the forest stands contain very large numbers of measurement points. It will be shown further that it is justified to state that the majority
of these data pertain to the ground. The volume of data is much more than necessary to calculate the result; therefore, using a randomized HT approach [14,15]
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will be applied. The distribution of ground data points along the radius from
the LIDAR is highly non-uniform, so the fraction of points selected by a random
procedure can be made dependent on this distribution. This will fulfil the need
for weighting the votes coming from regions with different data densities.
The remainder of this paper is organized as follows. The data sets used
and the problem to be solved will be described in Sect. 2. The description of
the method proposed to find the DTM will be divided between Sect. 3.1, in
which the basic method will be introduced and its drawbacks as well as potential
for improvements will be assessed, and Sect. 3.2 in which two improvements –
randomization and hierarchy – will be proposed and justified. Typical results for
some of the data will be shown and discussed in Sect. 4 and the paper will be
concluded in Sect. 5.

2

Data and Problem Statement

The data were scanned at 15 stands near Gluchów in the Grójec Forest District, Mazovian Voivodship (Central Poland), with the terrestrial LIDAR scanner FARO LS HE880. A stand is a square area of the forest established for
measurement purposes (≈ 30 × 30 m). The stands will be further denoted as
G01-G15. For each stand, between 12 and 22 millions of measurement points
were collected, from one LIDAR position in a stand.
Calculations were carried out for all the stands; however, in this paper the
results for stands G01 and G13 will be shown, as these stands were characteristic
for two reasons. The first is that the stand G13 is a good example of the small
density of vegetation at the low level. This can be seen in Fig. 1b: the majority
of measurement points come from the ground (range approx. h−2.0, −0.8i m),
the second large subset comes from the tree crowns (range h7.5, 14.0i m), and
the intermediate interval of heights corresponding to the tree trunks has a lower
density of measurements. On the contrary, for G01 shown in Fig. 1a, the lower
level of vegetation gives rise to an additional set of local maxima between the
ground level and the crowns (range approx. h−1.0, 6.0i m). The second reason
is that the results for G13 exhibited the largest variability with the changing
fraction of data selected in the randomized HT (Sect. 3.2).
The plane will be described in the coordinate system Oxyz, with Oz pointing
vertically upwards, by an equation in the form
(x − x0 )n0x + (y − y0 )n0y + (z − z0 )n0z = 0 ,

(1)

where the six parameters are as follows: [n0x , n0y , n0z ] is the unit normal vector and
(x0 , y0 , z0 ) is a reference point belonging to the plane. From these parameters
three are independent. We shall assume that the normal vector is not unit, but
that its vertical component is unit. This will make it impossible to represent
vertical planes, but such planes do not appear in plain regions. Further, we
shall use the fact that the data are LIDAR-centered which means that they are
expressed in a coordinate system with Oz axis located in the LIDAR’s axis of
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Fig. 1. Vertical profiles of the counts of measurement points of two stands: (a) G01;
(b) G13. Derivative shown to underline that the maximum indicates the ground level.
Truncated maxima amount to around 66 × 106 for (a) and 111 × 106 for (b).

rotation which is vertical. Therefore, if the reference point is chosen somewhere
along this axis, then both x0 and y0 will be zero. Equation (1) will become
x nx + y ny + z − z0 = 0

(2)

and will explicitly have three parameters. These three unknown parameters
have to be estimated with the use of given measurement points Pi = (xi , yi , zi ),
i = 1, . . . , M , where M  3. From these points, some belong to the ground which
is planar only approximately, some belong to the trees, other vegetation and possibly to other overground objects, which are out from interest in this problem,
and some are under the ground level due to scanning errors.

3

Method

Let us start from an observation that a large part, if not a majority, of measurement points belong to the ground. This can be seen in vertical profiles of the
data for practically every stand, as shown in Fig. 1 for G01 and G13. The peak
near z = −1.3 m dominates the plots (it is a common custom that the measuring
heads of the LIDARs are placed at the breast height (1.30 m) from the ground).
This observation suggests that the vertical coordinate of the ground can be
found from the LIDAR data in a stable way independently from the estimation
of the inclination. Moderate inclination of the ground surface should not disturb
due to that, as we shall see further in Sec. 3.2, a dominating part of the ground
points are located near to the scanner.
3.1

Basic Method

If a classical one-to-many version of the Hough transform is used with (2) then
for each measurement point P (xi , yi , zi ) the plane according to (2) with (x, y, z)
set to the components of P should be plotted in a 3D accumulator for (nx , ny , z0 ).
This would require large memory for such an accumulator and considerable time
for plotting the planes.
Instead of this, we shall use an iterative algorithm. The iterated HT proposed
by Habib et al. [13] was critically assessed by Chmielewski [22] in a different
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application, due to its low robustness against noise. However, in the present
application the available data are abundant, so the maxima of the accumulators
are strong. This justifies the stability of the solutions found.
In the following we shall denote the results estimated in the iteration j with
a hat and an upper index, for example, zb0 j . The idea is to find the ground
height zb0 1 as the maximum of the one-dimensional accumulator for z0 which is
a histogram corresponding to the plots like in Fig. 1. Then, for the remaining
unknowns [nx , ny ], a 2D accumulator is formed. When z0 is set to zb0 1 in (2) then
in this accumulator for each measurement point the line expressing the relation
between nx and ny is plotted according to
xi nx + yi ny + zi − zb0 1 = 0 .

(3)

The maximum in this accumulator corresponds to [c
nx , n
cy ]1 . Forming and analyzing the two accumulators is repeated until the results stabilize (see Alg. 1).
Algorithm 1.
1. Read the data.
2. Iterate for j staring from 1:
j
(a) Form and analyze the accumulator for z0 to find zb0 .
j
j−1
(b) If j > 1 and result did not change: zb0 = zb0
go to 3.
(c) Form and analyze the accumulator for [nx , ny ] to find [n
cx , n
cy ]j .
j
j−1
(d) If j > 1 and result did not change: [n
cx , n
cy ] = [n
cx , n
cy ]
go to 3.
(e) Set j := j + 1.
3. Save the results and stop.

The dimensions of the 1D accumulator for z0 will be from 1 to Z, and for
the 2D accumulator for [nx , ny ] from 1 to A thus forming a square matrix of size
A × A. To assure the sufficient accuracy, the sizes will be chosen as follows. For
the range of zi found in the data, Z is chosen so that one accumulator element
corresponds to 0.01 m. For the ranges of nx and ny ∈ h−1, 1i, parameter A is
set to 2000, so that the normal vector components are found with the accuracy
up to 0.001 which corresponds to tan−1 (0.001) ≈ 0.057◦ for small angles and
increasing up to tan−1 (1) − tan−1 (0.999) ≈ 0.029◦ for angles close to 45◦ . This
range is enough in plains and assures the accuracy of 0.02 m height at the distance
of 20 m which is more than the practical limit for such measurements.
An example of how the calculations proceed is shown in Fig. 2. It is characteristic that the maxima in the accumulators are clearly distinguishable.
Execution time depends linearly on the number of measurement points M ,
linearly on the size Z of the accumulator for height z0 , linearly on the size A of
the square accumulator for [nx , ny ] when its formation is considered and quadratically when its analysis is considered. The complexity can be expressed as
C(M, Z, A) = aM + M T (b + cZ + dA) + T eA2 = O(M A) ,

(4)

where T is the number of iterations, and the constants a − e are related, respectively: a to reading the data, b to forming and c to analyzing the accumulator
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Fig. 2. Chosen results for two stands: (a) G01, (b) G13. Subfigures (a1, b1): results of
iterations (components of the normal transformed to angles); (a2, b2): accumulators
of height z0 for all iterations; (a3, b3): accumulator of normal vector [nx , ny ] for last
iteration (scaled into h0, 255i for visualization), only central parts of tables shown.
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Table 1. Times of calculations for selected data sets (see text in Sec. 3.1, 3.2 for
details). HT: classic HT; VRHT: Variably Random HT; HVRHT: Hierarchical VRHT.

data set M [106 ] iterations reading
G01
G13

16.7
15.8

2
1

1
1

z0
0.1
0.1

time [min]
[nx , ny ]
HT
VRHT HVRHT
56
19
1.9
28
9
0.9

for z0 , and finally d and e to forming and analyzing the accumulator for [nx , ny ].
Size A is much smaller than M and A2  M A so in estimating the order of
magnitude only the linear term M A remains. An important factor is the number
of iterations T which depends on the data and is unknown before the calculations are made. In practice it was very rarely more than 2. Some results of time
measurements are shown in Tab. 3.1. In this case A = 2000 and Z = 300. The
processor was i7 running at 2.7 GHz. The C++ compiler was sequential, 32 bit.

3.2

Improved Method

Variable Randomization Instead of Weighing The measurement points
are far more numerous in the central part of the site than in the outer one,
a simple result of that the scanner is in the center. In its immediate vicinity
a large number of points belong to the ground. This is shown in the graphs in
Fig. 3. The points close to the center can bias the result towards themselves, with
the intensity proportional to the ratio of densities of points in various regions.
This bias could be reduced by appropriately weighing the evidence coming from
regions with various point densities. Due to that the general number of points is
very large, the weighing can be replaced by randomization with varying intensity.
First let us check to which extent the randomization can be applied. The
results for data drawn at random with the probability going down from one
to 0.001 are shown in Fig. 4a. With the fraction of points actually used in
calculations going down, one would expect a breakdown of the result accuracy
at some value. It is interesting that no such behavior is noticed even at very small
fractions, and the results vary only slightly or do not change at all. The data for
G13 were chosen for display because they exhibit the largest variability of results
with the changing fraction, among the sets investigated. The conclusion is that
randomization can be safely used even with important reductions of data.
Let us now use the fraction of data chosen by randomization as the weighting.
More data will be eliminated from the central part of the stand. The question is
how to shape the function of fraction versus radius. The shape of the function
of the number of points along radius is close to linear in log scale. The ratio of
ground data goes down in some stands and is close to constant in others. Neither
of these shapes seem to give clue on the proper shape of fraction versus radius.
Therefore, a linear change of the fraction going up from a given value for zero
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Fig. 3. Horizontal profiles of the counts of measurement points of two stands: (a) G01;
(b) G13. Note the logarithmic scale for the axes of point counts. Points not farther
from the ground level than 5 cm considered as ground points.

radius to one for a radius rlim which corresponds to a state far from the center is
postulated. Let us assume arbitrarily that far means half the way from zero to
a distance corresponding to the farthest possible. To establish this distance let us
recall that due to occlusion, in stands having simple structure the radius should
be limited to approximately 15 m if low errors are expected from the results from
TLS [23]. Therefore, rlim = 7.5 m.
The results for fractions depending on radius are shown in Fig. 4b. Some
of the results switch to a different, but still close value and further they remain
stable for the fraction of drawn measurement points going down. The calculation
time decreases linearly together with the actual fraction of data used. In the
calculations with constant fraction it actually went down to one minute and for
variable fraction to one third of the original time.
A cautious conclusion is that variable randomization can be used to reduce
the calculation time, while the bias caused by the large number of central results
on the terrain model seems not to be significant.

Leszek J Chmielewski, Arkadiusz Orlowski

atan(nx), atan(ny) [deg]

a

0.75

-1.30

1.25

-1.32

1.00

-1.34

0.75

0.50

-1.36

0.25

-1.38

0.00

-1.40

-0.25

-1.42

-0.50

-1.44

-0.75

-1.46

-1.00

-1.48

-1.25
1.000

0.100

0.010

-1.50
0.001

fraction

b

nx - left scale
ny - left scale
z0 - right scale
actual fraction - left scale

-1.30
-1.32
-1.34

0.50

-1.36

0.25

-1.38

0.00

-1.40

-0.25

-1.42

-0.50

-1.44

-0.75

-1.46

-1.00
-1.25
1.000

z0

nx - left scale
ny - left scale
z0 - right scale
fraction - left scale

1.00

atan(nx), atan(ny) [deg]

1.25

z0

638

-1.48
0.100
0.010
nominal fraction

-1.50
0.001

Fig. 4. Changes of results for G13 with the fraction of data drawn at random going down. Versions for randomization: (a) constant with radius and (b) variable with
radius. In either case no breakdown point can be observed.

Hierarchical HT The time of calculations is considerable in both HT versions
described. Hierarchical version of the HT can be used together with iterations,
which is supported by that the changes of the results between the subsequent
iterations are small. It is reasonable to apply the hierarchical approach only to
the accumulation of the normal vector.
In the first iteration the range of the components of [nx , ny ] remains h − 1, 1i
but the resolution can be safely reduced ten times, to 0.01. In the second and
further iterations the resolution is set to 0.001 but the range is reduced to 100
elements in both directions from the values of nx and ny found in the previous
iterations, giving the room for parameter change by 0.1 (equivalent to 5.7◦ , a step
never encountered in the hitherto calculations). These actions lead to reducing
the time of calculations 10 times without influencing the accuracy (Tab. 3.1).

4

Results and Discussion

An example of results for stand G13, variably randomized with the reference
fraction 0.01, is shown in Fig. 5.
At this stage, the quality of results can be estimated by simple observation.
The ground is not planar in general. The distances from the planar model to
ground points which can be seen in visualizations amount to less than 0.5 m
(except the places where the terrain clearly depart from the planar model).
Therefore, the accuracy is acceptable, in comparison with the errors of DTMs
found in literature, for forest conditions [2]. A strong indication that the surface
is optimal in the sense of matching the evidence contained in the data is the
shape of the vote densities in the accumulators. The functions have clear, easily
distinguishable global maxima (Fig. 2a2-b3).
The similar methodology can be used to find more than one plane to represent the terrain having a more complex structure. Successful experiments with
reducing the number of data indicates that positive results can be obtained also
in regions where the data points are available in smaller numbers.
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Fig. 5. Results for G13, variable randomization with parameter 0.01. Cross-sections
plotted for 5◦ wide sectors for angles (a) 0◦ , (b) 45◦ , (c) 90◦ , (d) 135◦ from Ox. Black
line represents Oz. Estimated ground level shown in red. Red arrow in (c) represents
≈ 16 cm. Maximum distance from center is 20 m. Each sector contains ≈ 300 000 points.
Darkness level proportional to density of points.
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Conclusions

A method for finding a digital terrain model suitable for regions of plains has
been proposed. It integrates such techniques used in the Hough transform like
randomization, iterative approach and hierarchy. The randomization with parameters varying in space seems to be an original contribution to the development of robust methods, at least in the domain of finding the digital terrain
model from LIDAR data.
The directions for further studies are: acquiring ground truth data and verifying the results against them; investigating more ways of varying the parameters
of randomization; introducing the fuzzification in the Hough transform used and
gathering more experience with the hierarchical approach.
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