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Abstract. The set of prime numbers visualized as Ulam spiral was considered from the image processing perspective. Sequences of primes forming line segments were detected with the special version of the Hough
transform. The polynomials which generate the numbers related to these
sequences were investigated for their potential richness in prime numbers. One of the polynomials which generates the numbers forming the
11-point sequence was found exceptionally prime-rich, although it was
not the longest sequence found. This polynomial is 4n2 − 1260n + 98827
and it generates 613 primes (20 of them with the minus sign) for the first
1000 non-negative integers as arguments. This is more than generated by
some other well-known prime-rich polynomials, the Euler one included.
Keywords: Ulam spiral · line segment · prime-rich · polynomial · Hough
transform

1

Introduction

The set of prime numbers is a subject of intensive research and is still hiding
mysteries (cf. [20]). It is interesting from the point of view of many subdomains
of mathematics, including the theoretical number theory on one side and the
practical cryptography on the other. One of the ways the prime numbers can be
visualized is the Ulam spiral, first devised in 1963 [21] and published in 1964 [17].
It is also called prime spiral [19]. The spiral containing the prime numbers and
the remaining numbers forming a square, with the number 1 in the center, will
be called the Ulam square.
The visual appearance of lines, mostly diagonal, and forming an asymmetric
pattern, is a striking feature of the Ulam spiral. This feature became the subject of our studies. We were interested in whether the lines which seem to be
visible with a human eye were actually present there, and if so, what were their
properties. We wanted to check for the presence of sequences of immediately
neighboring points as well as those mutually placed at a longer range, forming
sequences of points, or lines, inclined at a specified angle. We wished not to limit
the search to lines inclined by such specific angles as 0, 45 or 90 degrees, but to
search for lines at arbitrary angles realizable on the square grid. Therefore, we
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actually went beyond the limit imposed by the noticeability of lines to a human
eye. However, we wished to apply image processing techniques, to objectivize
the visual effects characteristic to humans.
To detect and describe line segments the Hough transform (HT) can be used.
The Ulam square is a strictly defined mathematical object, not a projection
of a real-world object containing physical lines. Therefore, a special version of
HT should be used. The analysis of digital lines with the HT was described
in [7,12], where all the lines, being digitizations of a mathematical straight line
representable in an image, were considered. This digital HT was compared to
te conventional analog HT in [11]. Our approach was different, due to that the
lines in the Ulam square are not approximations, but are the sequences of points
having strictly specified ratios of coordinate increments. For such lines, we have
proposed a relatively simple detection method in [3].
In this paper we shall shortly remind our previous findings, in order to pass to
new results concerning the problem of looking for prime-rich polynomials, which
we have found as a side-effect of looking for long sequences of points uniformly
displaced in the Ulam square. With each sequence, a quadratic polynomial which
generates its primes is connected. It occurred that one of the sequences found
by us has a polynomial which is, in some sense, more rich in primes than some
well-known polynomials which can be found in the literature.
At this point let us clarify the terminology. We shall call the line a set of
points in the Ulam spiral forming a straight line, irrespectively of whether perceivable or not. A set of points located at fixed intervals and belonging to a line
inclined at a specified angle will be called the segment. A segment has a limited
number of points, naturally. We shall refer to this number as the length of the
segment, in spite of that it is not the length in typical sense. The prime numbers
corresponding to the points of the segment will be called the sequence. Conveniently, the length of this sequence is the same as the length of its segment.
These terms will be further specified in the following.
The remainder of this paper is organized as follows. In Sect. 2 the method of
detecting lines in the Ulam square will be outlined. In Sect. 3 the properties of
the segments known until now will be described: their lengths and numbers in
Sect. 3.1, directionality in Sect. 3.2, relation of number of segments to number
of primes in Sect. 3.3, and some results for larger numbers and more directions
in Sect. 3.4. These Sections contain a brief recapitulation of the results from our
previous works on Ulam spiral, according to their sequence in time: [3], [4], [6],
[5], [2]. In Section 4 we shall present our new findings concerning the prime-rich
polynomials which we have come upon during the study. In the last Section the
paper is summarized and concluded.

2

Detection of segments

Let us very briefly describe the basics of the applied line detection method proposed in [3]. Its description was partly repeated in [2,4,5,6]. We shall summarize
and abbreviate the explanation from [2].

524
p
2

A. Orłowski and L.J. Chmielewski

6

10

17 16 15 14 13

α

9
8

1

18

5

4

3

12

0

19

6

1

2

11

−1

20

7

8

9

10

−2

21 22 23 24 25

7
6

i

5
4
3
2

−2

−1

0

1

2

1

q

0
-10

-9

-8

-7

-6

-5

-4

-3

-2

-1

0

1

2

3

4

5

6

7

8

9

10

j

a

b

Fig. 1. (a) The central part of the Ulam spiral for dimensions 5 × 5 with coordinates (p, q). Primes: black on white, other numbers: grey on black. (b) Directional
vectors represented by the direction table D with elements Dij containing increments
(∆p, ∆q) = (i, j). Each vector has the initial point at the empty circle (0, 0) and the
terminal point at one of the black circles (i, j), ¬(i = 0 ∧ j = 0). Angle α is the angle
between the line segment and the vertical axis. From [2] and [3], with permissions.

Let us remind first the structure of the Ulam spiral shown in Fig. 1a. It starts
with 1 as the center and goes on right, up, left, down and so on. Prime numbers
are marked (here, in white). Other numbers remain on black. Some line segments
present in the square are shown in Fig. 2a. To specify such objects let us establish
a coordinate system Opq centered in the number 1. Let us consider three points
corresponding to numbers 23, 7, 19 which form a contiguous segment. Its slope,
or direction, can be described by the differences in coordinates between its ends:
∆p = p(19)−p(32) = 2 and ∆q = q(19)−q(32) = 2. The directions are be stored
in the table shown in Fig 1b called the direction table, denoted D, with elements
Dij , where i = ∆p and j = ∆q. The considered segment can be described by the
directional vector (i, j) = (−2, 2), which can be reduced to (−1, 1) and stored
in D. The offset of the segment can be represented by q of its section with axis
Oq, in this case q(19) = −2. In table D it is possible to represent slopes expressed
by pairs i ∈ [0 : N ] and j ∈ [−N, N ] \ {0}. Now let us consider points 23, 2, 13
which form a segment inclined by (i, j) = (2, 1), with offset q(2) = 1. These
points are not neighbors in the normal sense, but they are the closest possible at
this direction; hence, the segment formed by them will be denoted as contiguous.
The angle can take as many different values as is the number of black circles in
Fig. 1b, shown with thin lines.
The direction table can be used as an accumulator in the Hough transform
for straight lines passing exactly through the points in the Ulam spiral. The vote
is a pair of points, so this is be a two-point HT. The neighborhood from which
a second point is taken for each first point, is related to the dimensions of D
(doubling the pairs should be avoided). During the accumulation process, in each
Dij a one-dimensional data structure is formed. For each vote the line offset and
the locations of two voting points are stored and the pairs and their primes are
counted. After the accumulation, the accumulator can be analyzed according to
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Fig. 2. (a) Central part of the Ulam spiral of dimensions 21×21 and with segments
of lengths 5 and 6 marked in colors. Coordinates as in Fig. 1a. Primes: black on grey
or color background; other numbers: grey on black or white. Blue: two segments of
length 5, slopes (∆p, ∆q) = (1, 1) and (1, −1), respectively, with one common point
corresponding to prime number 19 marked with darker blue. Cyan: segment of length 5,
slope (∆p, ∆q) = (3, −1). Magenta: segment of length 6, slope (3, 1). From [5], with
permission. (b) The longest, 16-point segment in 301×301 square, in green. From [4],
with permission.

the need, for example, to find long segments or to find the dominating directions
of lines. As an an example, in Fig. 2b the long segment having 16 primes and
slope (i, j) = (3, 1) is shown.

3
3.1

Properties of the detected segments
Number and length

It can be expected that short segments are more numerous in the Ulam square
than long ones. Questions arise, how many segments of various lengths are there?
Is there a limit on segment length? A partial answer to these and other questions
can be seen in Fig. 3.
In general, the number of segments falls down with their length, not very
far from linearly in log scale. It is interesting to see that there are no longer
segments than 16 points, and that in the investigated set there are no segments
of length 14 and 15 points [4] (this gap will be briefly addressed in Sect. 3.4).

526

A. Orłowski and L.J. Chmielewski

square size

1000000

101
301
501

100000

1001

number of segments

2001
3001

10000

4001
5001
10001

1000

20001
31623
100

10

1
4

5

6

7

8

9

10

11

12

13

14

15

16

segment length

Fig. 3. Number of segments versus length of the segment for various sizes of the Ulam
square, for direction array N = 10. If the number of lines is zero the data point is
absent. The black lines show the results up to the largest prime 25 009 991 [4], the red
ones – those for primes up to 1 000 014 121 [2]. From [2], with permission.

3.2

Directionality

It is known that there are more lines inclined at (i, j) = (1, −1), angle α = −45◦
than at (i, j) = (1, 1), α = 45◦ (angle α has been marked in Fig. 1b). This
observation has been checked in [6].
The stronger the line is, the more voting pairs has voted for it. In Fig. 4 the
numbers of votes on all the lines in the given direction is graphed. The numbers
are normalized so that the maximum is one. It can be seen that the value for
α = −45◦ is the largest, and that for α = 45◦ is the second large. The values
for vertical (α = 0◦ ) and horizontal lines (α = 90◦ ) are smaller. It has been
also checked if the directional structure of the Ulam square is indeed so specific,
by comparing it with that of a random dot square, with the number of points
corresponding to that of the Ulam square of the same size (cf. Fig. 6). It can be
seen in the graphs in Fig. 4 that the random square has a different directional
structure. One of the clearly visible differences is that the direction α = −45◦ is
not privileged.
It has been also shown in [6] that the graphs in Fig. 4 stabilize quickly
with the growing size of the square. The results for random data are practically
indiscernible for their various realizations. Here, the results for squares 1001∗1001
are shown.
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3.3

Number of segments, number of primes

The primes are decreasingly dense in the set of natural numbers, as expressed
by the function π(n) [1,18]. It can be expected that the lesser the primes, the
lesser the segments. The question arises whether the number of segments fall
down quicker or slower than the number of primes decreases [5]. This relation is
shown in Fig. 5 for all the lengths of segments present in the images.
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Fig. 6. (a) The actual Ulam square of size 351 × 351 and (b) one of its randomized
realizations with density of white points corresponding to that in the Ulam square. The
structure of the randomized square differs from that of the actual one even in visual
inspection. From [5], with permission.

It can be seen that this relation is always close to linear in the double log scale,
provided that the number of segments involved is large. The longest segments
are rare and for them the relation does not hold.
Regular structures necessitate not only for the presence of the primes, but also
for the existence of some constant relations between them. This is a restrictive
demand, so it might well be expected that at some point the number of regular
structures could fall down. No such phenomenon is observed in the range of
primes investigated until now.
The human eye has a tendency of seeing regularities even in a random image.
It is interesting whether the regularities just presented could not emerge from
mere abundance of data. Random images having the density of dots very close
to that observed in the Ulam square [5] (Fig. 6) can be subjected to the same
analysis as the Ulam square. The results for randomized data can be seen in the
Fig. 5. The sets of graphs appear different. Let us point out just two differences.
The longest segment in the Ulam square has 16 points, while in the considered
realizations of the random square it has 8 points. This suggests that in the Ulam
square the regularity is stronger than that in a random square.
In the random square the numbers of shorter segments (with 2 and 3 points)
are larger than those in the Ulam square, while the numbers of the longer segments (with 4, 5, 6 points) is smaller, independently from the size of the squares.
This suggests the existence of some factor which promotes the appearance of
longer structures in the Ulam square.
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It has been checked [5] that the results are stable for shorter segments, although the locations of segments in the subsequent realizations are entirely different.
The described observations suggest that the structure of the set of the prime
numbers might contain long-range relations which do not depend on the scale.
3.4

Larger numbers, more directions

All the above described experiments (except those shown in red in Fig. 3) were
carried out for the square of 5001×5001, hence for numbers up to approx. 25×106 ,
and for the directions limited by the number N = max(i, j) = 10. This was
due to memory limits in the software and hardware. With the new equipment,
the previously found tendencies were confirmed in [2] where numbers up to
approximately 109 were analyzed. After extending the graphs from Fig. 5 to
larger numbers the same tendencies were confirmed (see [2] for details). New
interesting results have been found when the limit for the number of directions,
previously set with the dimensions of the direction table N = 10, were relaxed
by setting to N = 50 (with the size of the square 5001×5001, as it was in the
first experiments). The results are shown in Fig. 7.
Several observations can be made. There are three new segments having
14 points. Two of them emerged near 3×105 , and the third one for the primes
over 106 . Consequently, the gap between the segments with 13 and 16 points has
been partly filled. There are also more segments with 13 points. Their points are
much farther from each other than in the segments previously found.
Further, the close-to-linear shape of the graphs became less apparent in parts
of the graphs. The linearity seems to hold for numbers over 105 , quite similarly as
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Fig. 7. Number of segments versus number of primes in the square, for direction array
N = 50. From [2], with permission.
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it was in the case of less directions. Extending the calculations to larger numbers
could reveal the validity of the experimental asymptotic tendency in this case.

4

Prime-rich polynomials

It is quite easy to verify that many sequences of prime numbers of a given length
(say l) discovered in the Ulam square, i.e., forming a segment of a detected line,
can be generated by a special class of quadratic polynomials. In other words,
there is a function of the form
f (n) = 4n2 + bn + c ,
where b and c are some integer numbers, producing prime numbers belonging
to the considered sequence for consecutive values of non-negative integers n
from the range 0 ≤ n ≤ l − 1. For example, one of our detected sequences of
eleven primes: 97571, 96323, 95083, 93851, 92627, 91411, 90203, 89003, 87811,
86627, 85451, which belongs to a line with the directional vector (i, j) = (3, 1),
is generated for non-negative integer numbers 0 ≤ n ≤ 10 by the following
quadratic polynomial:
a11 (n) = 4n2 − 1260n + 98827 .
Finding polynomials (or any function, for that matter) generating prime
numbers for subsequent values of arguments (being natural or integer numbers)
is a very important problem for its own sake and its origins have nothing to do
with the Ulam square, see, e.g., [9,14,15,16,20] and references therein. There is
a famous example, known as the Euler quadratic polynomial
e(n) = n2 + n + 41
that produces 40 different primes for non-negative integer numbers 0 ≤ n ≤ 39. It
is somewhat interesting that exactly this polynomial was invented by Lagrange,
not Euler, original Euler’s invention being a similar function: g(n) = n2 − n + 41.
In spite of the slightly different form both generate the same 40 distinct primes
(in the latter case we should take 1 ≤ n ≤ 40). As far as we know there is no
other quadratic polynomial that improves over the Euler one in producing more
than 40 different primes for subsequent values of non-negative integer arguments.
However, it can happen that there are other quadratic polynomials that generate
more primes in any given range of arguments than the Euler polynomial, if we
relax the requirement that all these primes must come for subsequent values of
arguments within that range. In fact, searching for such rich in primes quadratic
polynomials has a long and exciting history.
Let us denote by Pf (N ) the number of primes generated by a given polynomial f (n) for non-negative integer arguments 0 ≤ n ≤ N . It is interesting
to observe that for N = 1000 our polynomial a11 (n) gives Pa11 (1000) = 613
primes (20 of them come with the minus sign) what is not only better than
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provided by the Euler polynomial e(n), which gives Pe (1000) = 582, but better than several other well-known prime-rich polynomials like, e.g., all three
so-called Beeger polynomials: b1 (n) = n2 + n + 19421 (with Pb1 (1000) = 558),
b2 (n) = n2 + n + 27941 (with Pb2 (1000) = 600), and b3 (n) = n2 + n + 72491
(with Pb3 (1000) = 611). Asymptotically, for larger N , our polynomial loses in
this respect to the two latter polynomials, still beating both the Euler one and
the first Beeger one [8,10,13]. Preliminary computations suggest that our polynomial has higher formally defined prime density than the Euler one and many
other prime-rich polynomials. This is remarkable, especially taking into account
the fact that polynomials discovered just by looking at segments of primes in the
Ulam square were in no way optimized for that purpose, which follows from the
descriptions given in the previous Sections. Of course not all quadratic polynomials generating sequences of primes forming line segments have these properties.
Nevertheless the fact that starting from image analysis and pattern recognition
perspectives we can obtain some potentially interesting results related to the
number theory is, in our opinion, worth to be emphasized.

5

Conclusions

The set of prime numbers was considered from the perspective of its visualization
in the form of the Ulam spiral. The objects of particular interest were the line
segments, some of them perceivable with the human eye, and all detectable
with image processing techniques. The detection method used was a specially
designed version of the Hough transform. The search included the segments
inclined at angles defined by ratios of integers up to 50, and the integers were
up to approximately 109 .
The results described in the previous papers were briefly recapitulated, including the numbers and lengths of the segments, their directionality, and the
relation of their numbers to the number of primes.
It was shown that among the polynomials which generate the numbers forming the sequences found, at least one is exceptionally rich in primes. This polynomial generates one of the 11-point segments. This segment is not the longest
segment found (the longest segment has 16 primes), and from the point of view
of its appearance in the Ulam square it is not specific in any way. Its polynomial
is a11 (n) = 4n2 − 1260n + 98827 and among the numbers it generates for integer n, 0 ≤ n ≤ 1000, there are 613 primes, including 20 of them with the minus
sign. This is more than the number of primes generated by some other wellknown prime-rich polynomials, like the Euler one and the three Beeger ones, for
example. Asymptotically, this polynomial is more prime-rich than the Euler one
and the first Beeger one. This is remarkable, because it has been discovered by
looking for long segments in the Ulam square and not by optimizing its richness
in primes.
This indicates that approaching the problem related to the set of prime numbers from the image analysis and pattern recognition perspective can lead to
interesting results related to the number theory.
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