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Abstract. The detector of jumps or changes in the function value and
its derivative designed with the use of the concept of competing approximators is revisited. The previously defined condition for the existence
of a jump in the function value is extended by introducing a statistical
test of significance. This extension makes it possible to eliminate some
false positive detections which appeared in the previously obtained results. The features of the extended detector are demonstrated on some
artificial and real-life data.
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1

Introduction

The detector of changes in a one-dimensional signal which is our object of interest
originated from the concept of a filter in two-dimensional images denoted as the
competitive filter in [10,11]. The change detection ability of this filter was later
noticed in [3]. The detector did not work well in two-dimensional images [4] but
for one-dimensional signals it appeared useful and made it possible to detect the
change in the function value as well as in its first derivative [5]. In the present
paper we shall put aside the filtering effect and pay attention to the detection
of the change of the function value only.
One of the problems noticed in [5] was that the detector made some false
positive errors. In this paper we shall complement the basic detector with a statistical test which in our opinion will reduce the number of false positives.
The question of detecting changes in signals is one of the domains of intensive
research. Within the domain of image processing it was surveyed in [1,2,9] and in
motion detection in [7,12]. However, it seems that the concept of competitiveness
understood as in the paper [3] was absent in the research reported.
Because the detector of our interest has its origin in the domain of image
processing, the change will be sometimes called a jump or an edge, the change
in the value of the function will be called a step and the change in the derivative
of the function can be also called a roof.
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The concept of the method does not need any assumption on the nature of the
data analyzed. The only operation on the data is the approximation with polynomial functions, one at each side of the considered point, without the condition
of continuity at this point. In the present paper we use the simple approximation with a linear function, which can be treated as the first approximation of
a potentially more developed approach. The assumptions are introduced in the
statistical test of the significance of the detected edge. At present, we make an
assumption of the Gaussian distribution of noise, but this is also only the first,
simplest example, which can easily be replaced with more advanced approaches.
This paper is organized as follows. In the next Sect. 2.1 the main concept of
the detector, already described in [5], is reminded in its basic form. As a complement of the heuristic criterion of edge existence, described in Sect. 2.2, the
statistical criterion proposed in this paper is introduced in Sect. 2.3. In Sect. 2.4
the functioning of the detector with both criteria is explained on simple data.
Finally, the ability to reject false positives in noisy data is shown in Sect. 3.1
and the detection of changes in some real-life data is presented in Sect. 3.2. The
results are discussed in Sect. 4 and the paper is closed in Sect. 5.

2
2.1

The method
General concept

A sequence of measurements z(x) = y(x) + n(x), where the independent variable
x is discrete and n(x) is noise, will be considered. The filtering and detection
is performed in the point x0 called the central point. If x is time, the past
measurements are considered to be known up to the point x0 , and also the
further measurements, up to x0 + D, are considered as known. The competitive
structure of the detector can be seen in that two approximators, referred to as
the Left and the Right one, are used to find y(x0 ). The first one operates on
the past data at the left side of x0 , using z(x), x ∈ [x0 − s − ∆, x0 − ∆] to find
ŷL (x0 ). The second one operates on the future data, at the right side of x0 , using
z(x), x ∈ [x0 + ∆, x0 + s + ∆] to find ŷR (x0 ). The parameter s is the scale of
the filter. The parameter ∆ is the gap between the central point x0 and the
estimators.
Each approximator makes its error. Errors eL (x0 ) and eR (x0 ), respectively,
can be approximated from the differences between the data and the approximated values. The filtered value at the central point, ŷ(x0 ), is taken as the the
output of that filter which has a smaller error. In this the competitiveness of the
filter can be seen. As the value of the output, the value at x0 − ∆ from the left
approximator, or for x0 + ∆ for the right one, is used, to avoid using the extrapolated values. This gives stabler results than in the case of values extrapolated
to x0 .
As in [3], linear least square approximators are used and their mean square
errors are used as the approximation errors.
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Heuristic criterion of jump

When the results from the two approximators are known, they can be used to
find the jump in the function value, that is, the step edge intensity value E0 ,
and jump in the first derivatives, that is, the roof edge intensity value E1 , as
the difference of outputs from the two approximators ŷL (x0 ), ŷR (x0 ), and their
derivatives
E0 (x0 ) = ŷR (x0 + ∆) − ŷL (x0 − ∆) ,
0
0
E1 (x0 ) = ŷR
(x0 + ∆) − ŷL
(x0 − ∆) ,

(1)

where ŷ·0 (·) can be found from the approximators due to that they are linear.
The question remains, where is the jump.
The conditions for the existence of the jump is that the graphs of the approximation errors cross in such a way that for increasing x the error from the past
increases and for decreasing x the error for the future increases. In the present
paper it is assumed that at least one of the errors increases in this case. These
conditions can be expressed as
eR (x0 − δ) > eL (x0 − δ) ∧ eR (x0 + δ) < eL (x0 + δ) ,
eR (x0 − δ) > eR (x0 + δ) ∨ eL (x0 − δ) < eL (x0 + δ) .

(2)

Because the future error should be known for x0 + δ then the measurements for
x0 + D = x0 + ∆ + s + 2δ should be known. The parameter δ can be called the
neighborhood parameter. For simplicity, it is assumed ∆ = δ = 1, so D = s + 3.
The crossing of the graphs of errors around a jump is illustrated in Fig. 1.
Let us imagine the process of filtering and edge detection in such a way that
the central point, with the two approximators at its left and right side, move
along the data from left to right. When a step is encountered, first the right
approximator moves over it. The step enters the right approximator’s support.
Therefore, the error of the right approximator goes up, as in Fig. 1a. As the
analyzed point moves forward, the step leaves the support of the right approximator, so its error goes down, and enters that of the left one, as in Fig. 1b.
Hence, the error of the left approximator increases. When both approximators
leave the region of the step, both errors go down.
It can be noticed that there are no separate conditions for the two edge types
detected. In the case of detection, if one of the edge types is missing, then its
intensity is zero (examples will be shown further in Fig. 2, where the roof edge
is zero for x = 10, 11 or the step edge is zero for x = 20).
2.3

Statistical criterion of significance of a jump

The process of crossing the graphs of errors described in the previous Section
goes on precisely in the described way provided that the edges are isolated, with
respect to the scale s. However, it is not always so; therefore, sometimes the false
The graphs used in this paper as well as the software were developed in Matlab R .
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Fig. 1. Intermediate results for the two approximators for x0 = 9, before the jump, and
x0 = 13, after the jump. Graphs of errors (thin magenta and cyan lines) cross between
points 10 and 11. Pale green ( ): function; dark cyan ( ): left error, dark magenta ( ):
right error; red ( ) star: jump of the function. Current central point x0 marked with
a red circle on the axis and on the graph. The left and right approximators around
the central point shown with thicker cyan and magenta lines. The approximator with
zero error has full triangular marks, the other one has marks filled with white. Other
symbols will be explained further.

positive detections (as well as false negative ones) can occur. This is why we have
introduced a simple mechanism of additionally testing the edge significance in
a statistical way, to exclude false positive detections.
In the present Subsection some notations will contain a superscript s as statistical to underline the differences between these notations and those from the
previous text. Finally the mutual relations of the relevant notations will be
explained.
Let us assume that the sequence of measurements form a piecewise linear
signal, not necessarily continuous, with additive Gaussian noise. For an isolated
point x0 it is observed y(x) = aL + bL x + x for x < x0 and y(x) = aR + bR x + x
for x ≥ x0 , where the noise x has a zero mean normal distribution. There is
a jump at x0 if θ = aR − aL 6= 0. Let us verify a hypothesis H0 : θ = 0 – the
jump is absent, against the alternative hypothesis H1 : θ 6= 0 – the jump is
s
s
s
(x0 ) − ŷL
(x0 )| is used, where ŷL
(x0 )
present. To verify this, the test statistics |ŷR
is a linear regression function of s points on the left of x0 , without this point,
s
that is, from the set XL = x ∈ [x0 − s, x0 − 1], and ŷR
(x0 ) is a linear regression
function of s points on the right of x0 , with this point, that is, from the set
XR = x ∈ [x0 , x0 + s − 1]. An isolated jump is detected if
s
s
P (|ŷR
(x0 ) − ŷL
(x0 )| > tα ) = α ,

(3)

where α – significance level (value α = 0.05 will be assumed throughout).
s
s
Provided the hypothesis H0 holds, the distribution of ŷR
(x0 ) − ŷL
(x0 ) is zero2
2
2
s
2
s
mean normal with variance σL
+ σR
, where σL
= Var(ŷL
) and σR
= Var(ŷR
).

30

35
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Therefore,
tα = σΦ−1 (1 − α/2) ,
p

2
σL

2 . In practice,
where σ =
+ σR
respective estimator ŷ·s is taken.

(4)

as σ· , the standard residual error of the

The step of the derivative has not been considered at present. The test used
can be considered as a greatly simplified, basic version of tests described in [6,8].
It should be noticed that the normality of the noise distribution is assumed
and this assumption will not be verified. Moreover, for some of the measurements
studied with the method considered, such an assumption is merely a convenient
model, but not an actual process in which the signal appears. Nevertheless, we
shall use this model as a way to interpret the data in which unknown processes
give rise to complex patterns and in which we seek an explanation in terms of
simplified events.
2.4

Results for both criteria

In the heuristic detector, as the jump in x0 the relation between measurements
concerning points x0 − 1, x0 + 1 are considered, while in the statistical detector
this concerns x0 − 1, x0 . To use the condition (3) in the common setting together
with the conditions (2) the following should be noted. Due to the structure of
sets XL , XR around x0 , the following relations between the approximations from
the heuristic notation and the regressions from the statistical notation hold
s
ŷL
(x0 ) = ŷL (x0 ) ,
s
ŷR
(x0 ) = ŷL (x0 − 1) ,

(5)

and similarly the error measures from the heuristic notation can be related to
the standard residual errors from the statistical notation.
To come to a common meaning of a jump in x0 it can be considered, in the
statistical formulation, that a jump exists if there is a jump between x0 − 1, x0
or between x0 , x0 + 1. If only one jump exists, its value θ is taken as the step of
the function y(x). If both are present, the one having a larger modulus is taken.
If there is an edge according to (2) and (3), then a statistically significant edge
exists. If (2) holds and (3) does not, than the edge is statistically insignificant
and it is dismissed. If (2) is false, then there is no need to check (3), although
in the present paper both conditions are calculated independently to show the
results in a detailed way.
In Fig. 2 the result is shown for data in which all the changes detectable by
the heuristic algorithm are present: a step edge, a roof edge and a combined step
and roof edge. The data are synthetic and clean. What is apparent is that the
roof edge is detected in a single point, like this at x = 20, while the step edge,
like this at x = 10, 11 is found at two points. This is correct due to that the
jump of a discrete function appears between two points.
It can be noted that the statistical criterion tends to detect very small changes
of the value if the error measures are small, due to that in (4) the threshold
depends on the variance. This gave rise to a continuous edge between x = 20
and 26. This edge was not accepted by the heuristic condition, though.
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Results [1:40] for scale=5, degree=1, mode=classic, weighting=no
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Fig. 2. Results for synthetic data with all the detectable changes represented: jump
of the value at x = 10, 11, jump of the derivative at x = 20 and combined jump
of value and derivative at x = 30, 31. The meaning of types and colors of lines and
marks partly explained in the legend. Err L: left error, Err R: right error; Edg 0: jump
of the function, marked with a red star; Edg 1: jump of its first derivative, marked
with a blue star. Sgf 0: Statistically significant edge ((3) true) marked with an empty
black star (slightly larger than other stars so that they do not obscure each other).
Nsg 0: Statistically nonsignificant edges ((2) true and (3) false), marked with full black
stars (there are no such points in this image). Angles shown in tens of degrees.

3
3.1

Examples
Rejection of false positives in noise

The ability to reject the less significant step changes was tested with data with
noise which was actually Gaussian, zero-mean, with σ = 10. The results are
shown in Fig. 3. It can be seen that indeed, some, but not all, false positive
detections were successfully rejected, while the most significant, strong jump at
x = 30, 31 was constantly maintained.

3.2

Real-life example

As an example let us consider the graph of processor load of some web server
in 100 intervals of one minute each, measured on 04 July 2016 (Fig. 4). The
load was averaged in each minute. The graph indicates an uneven load so there
are important changes of the values. It is interesting to see that the competitive
detector tends to find the steps but is not sensitive to the changes consisting
in a steady increase or decrease of the value. The statistical detector, however,
detects a steady increase, like in Fig. 4b at x = 60, 65. In this way, the criteria
cooperate in forming the right decision and complement each other.
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Fig. 3. A test step without noise (a) and with additive zero-mean noise with σ = 10
((b) and (c), two realizations). It can be seen that some false positives were successfully
rejected.
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Fig. 4. Analysis of CPU load of a web server averaged for 1 min intervals in 100 min.
Scale: (a) s = 5 measurements; (b) s = 10 measurements. At both scales it can be
seen that some of the less significant jumps were dismissed by the statistical criterion.
At the larger scale the minute details are neglected. Angles shown in tens of degrees.
Results scaled and moved up by 10 units to make the error graphs visible.

4

Discussion

The use of the statistical test reduced the number of false positive detections.
The number of false negatives sacrificed seems to be small, but this needs further
analysis.
The considered algorithm is characterized by a set of advantages and drawbacks. As the advantages, the following features can be named. Two approximators are used so the jump can be directly modelled. The complexity of the
algorithm with respect to the size of the data is linear due to that only a local
neighborhood of a data point of a fixed size is considered. Coming to the drawbacks, it should be said that some data concerning the future with respect to
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the considered data point should be known to perform the analysis, and that the
method has some free parameters which should be selected, while the criteria
for such selection are not self-explanatory.

5

Summary and prospects

The concept of the competitive filter was extended by adding the statistical test
used to check the significance of the jump of the function value. In the test,
the results available from the calculations already performed are used, so the
computing load is small and the complexity of the algorithm remains linear with
respect to the data size.
The introduction of the statistical test made the number of false positive
detections smaller. The the test can be used as a post-processor of the detection
results. The design of the test can be extended to the derivatives of the function
and its form can be improved. Also the assumptions on the distribution of noise
in the data can be changed and the criterion can be reformulated accordingly.
This stage of research can be treated as the proof of concept only, but the idea
of combining the statistical testing with the heuristics seems to be one of the
promising directions of the development of the concept of competitive filtering
and detection.
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