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Abstract. Artificial neural networks are capable of constructing complex deci-

sion boundaries and over the recent years they have been widely used in many 

practical applications ranging from business to medical diagnosis and technical 

problems. A large number of error functions have been proposed in the literature 

to achieve a better predictive power. However, only a few works employ Tsallis 

statistics, which has successfully been applied in other fields. This paper under-

takes the effort to examine the 𝑞-generalized function based on Tsallis statistics 

as an alternative error measure in neural networks. The results indicate that Tsal-

lis entropy error function can be successfully applied in the neural networks 

yielding satisfactory results. 
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1 Introduction and problem statement 

Artificial neural networks (ANNs) are flexible and powerful statistical learning mod-

els used in many applications. They have been extensively and successfully applied in 

areas such as signal processing, pattern recognition, machine learning, system control, 

and many business problems including marketing and finance [1-5]. Several features 

of artificial neural networks make them very popular and attractive for practical appli-

cations. First, they possess an ability to generalize, even in the case of incomplete or 

noisy data. Second, neural networks are non-parametric which means that they do not 

require any a-priori assumptions about the distribution of the data. Third, they are good 

approximators able to model continuous function to a desired accuracy. 

From a pattern recognition perspective, the goal is to find the required mapping from 

input to output variables in order to solve the classification or the regression problem. 

The main issue in neural networks application is to find the correct values for the 
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weights between the input and output layer using a supervised learning paradigm (train-

ing). During the training process the difference between the prediction made by the 

network and the correct value for the output is calculated, and the weights are changed 

in order to minimize the error.  

The form of the error function is one of the factors in the weight update process. For 

the successful application it is important to train the network with an error function that 

reflects the objective of the problem. The mean square error (MSE) is the most com-

monly used function although it has been suggested that it is not necessarily the best 

function to be used, especially in classification problems [6-8]. A number of alternative 

error functions have been proposed in the literature and the maximum likelihood (cross 

entropy) function was particularly reported as a more appropriate function for classifi-

cation problems [7, 8]. 

In this paper we undertake the effort to examine an alternative error function such as 

the 𝑞-generalized function based on Tsallis statistics. In particular the properties of the 

function and its impact on the neural network classifiers is analyzed as well as a careful 

analysis of the way in which the error function is introduced in the weight update equa-

tions is presented. To the best of our knowledge the proposed error function was never 

examined before in the context of the neural network learning. 

The rest of this paper is organized as follows. In the second section the literature 

review on similar problems is presented. An analysis of the way the error function is 

incorporated in the training algorithm is presented in section three. The fourth section 

deals with the experiments carried out and their results are presented. The paper ends 

with concluding remarks in the last section. 

2 Literature review on similar problems 

The research on neural networks is considerable and the literature around this filed 

is growing rapidly. While the method becomes a more and more substantial part of the 

state-of-the-art automatic pattern recognition systems applicable in a variety of fields, 

different questions arise considering the network architecture and the fundamentals of 

training process. 

Usually, the works include modifications and improvements of the neural network 

structure, weights initialization [9], weights updating procedure [10], error functions 

[11], [12] and activation functions [13], [14]. The training of artificial neural networks 

usually requires that users define an error measure in order to adapt the network weights 

to meet certain model performance criteria. The error measure is very important and in 

certain circumstances it is essential for achieving satisfactory results. Different error 

measures have been used to train feedforward artificial neural networks, with the mean-

square error measure (and its modifications) and cross-entropy being the most popular 

ones. 

It can be shown that the true posterior probability is reaching a global minimum for 

both the cross-entropy and squared error criteria. Thus, in the theory an ANN can be 

trained equally well by minimizing each of the functions, as long as it is capable of 

approximating the true posterior distribution arbitrarily close. When it comes to the 

modelling of distribution, squared error is bounded and the optimization is therefore 
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more robust to outliers than minimization of cross-entropy. However, in practice, cross-

entropy mostly leads to quicker convergence resulting better quality in terms of 

classification error rates. Hence, squared error became less popular over the last years 

[8, 15]. In the literature, the previous works on the error functions have usually been 

evaluated on rather small datasets.  

When it comes to applications under the nonextensive statistics with Tsallis distri-

butions, called 𝑞-distributions, formed by maximizing Tsallis entropy with certain con-

straints – such distributions have applications in physics, astronomy, geology, chemis-

try and finance [16]. However, these 𝑞-distributions remain largely unnoticed by the 

computer science audience, with only a few works applying them to ANNs, not neces-

sary as the error functions [17]. For instance, [17] introduces 𝑞-generalized RNNs (ran-

dom neural network) for classification where parametrized 𝑞-Gaussian distributions are 

used as activation functions. These distributions arise from maximizing Tsallis entropy 

and have a continuous real parameter 𝑞 – the entropic index – which represents the 

degree of nonextensivity. 

In this paper, in order to address the identified literature gap, we present an investi-

gation on the properties of the 𝑞-entropic error criteria for training of ANNs. The theo-

retical analysis of the error bounds was supported by experimental evaluation with 

properly trained networks taking into account classification accuracy measures. 

3 Theoretical framework 

As a general measure of diversity of objects, a Shannon entropy is often used which 

is defined as: 

HS = − ∑ ti log ti

n

i=1

, (1) 

where ti is the probability of occurrence of an event xi being an element of the event X 

that can take values xi, … , xn. The value of the entropy depends on two parameters: (1) 

disorder (uncertainty) and it is maximum when the probability ti for every xi is equal; 

(2) the value of n. Shannon entropy assumes a tradeoff between contributions from the 

main mass of the distribution and the tail. To control both parameters a generalizations 

was proposed by Tsallis: 

HTq
=

1

q − 1
(1 − ∑ ti

q

n

i=1

). (2) 

With Shannon entropy, events with high or low probability have equal weights in 

the entropy computation. However, using Tsallis entropy, for q > 1, events with high 

probability contribute more to the entropy value than those with low probabilities. 

Therefore, the higher is the value of q, the higher is the contribution of high probability 

events in the final result. 

It can be shown that q-Tsallis relative entropy is a generalization of the Kullback-

Leibler entropy (in the limit of q → 1 the q-Tsallis relative entropy becomes the Kull-

back-Leibler entropy). It refers to two probability distributions {ti} and {yi}, i = 1 to n, 

over the same alphabet, and is defined as [18]: 
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HTq
(ti||yi) =

1

1 − q
(1 − ∑ ti

q
yi

1−q

n

i=1

). (3) 

At the limit q = 1, one has HT1
(ti||yi) = ∑ tilog (ti yi⁄ )n

i=1 , i.e., the Kullback-

Leibler relative entropy [19]. For any order q ≠ 0, the Tsallis relative entropy 

HTq
(ti||yi) of the above equation (3) vanishes if and only if ti = yi for all i = 1 to n. 

For any q > 0, the Tsallis relative entropy HTq
(ti||yi) is always nonnegative. In this 

regime of q > 0, the Tsallis relative entropy HTq
(ti||yi) behaves much like the con-

ventional Kullback-Leibler relative entropy, yet in a generalized form realized by the 

additional parameterization by q. 

In the present paper we have used a variant of gradient descent method known as 

Broyden-Fletcher-Goldfarb-Shanno (BFGS) optimization algorithm [20], in order to 

train a neural network (multilayer perceptron). To make use of BFGS, the function be-

ing minimized should have an objective function that accepts a vector of parameters, 

input data, output data, and should return both the cost and the gradients. In these cir-

cumstances the cost function which implements the Tsallis entropy is defined as: 

C(t, y) =
1

1 − q
(1 − tqy1−q − (1 − t)q(1 − y)1−q), (4) 

where t and y stand for the true value and output of the neural network, respectively. 

Fig. 1 shows the general behavior of the error function for different values of param-

eter 𝑞.  

 

Fig. 1. Error entropy values for different 𝑞 values in terms of different score values. Color denotes 

the value of the parametr q as follows: 0 – green, 0.5 – blue, 1 – black, 1.5 – red, 2 – purple. The 

difference between the solid and dashed lines is explained in the main text. 
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The solid lines show entropy values for the growing score (outcome of ANN) in case 

if the true value is 0. It could be clearly seen that if the score tends to 1 the error function 

increases; in other words, this is an undesirable situation for a given case. In contrast, 

the dashed lines show entropy values for the growing score in case if the true value is 

1. Once again, entropy values increase when the ANN network outcome is inconsistent 

with the true value. 

4 Numerical experiment 

4.1 Implementation 

In our case, all the numerical calculations were performed on a personal computer 

with the following parameters: Ubuntu 16.04 LTS operating system and Intel Core i5-

2430M 2.4 GHz, 2 CPU * 2 cores, 8 GB RAM. R-CRAN [21], which is an advanced 

statistical package, as well as an interpreted programming language, was used as the 

computing environment. For training neural networks we used the BFGS algorithm, 

available in the nnet library [21]. A logistic function was used to activate all of the 

neurons in the neural network and initial weights vector was chosen randomly using a 

uniform distribution. 

To compare the neural networks obtained for different values of 𝑞 we define two 

measures. These are: (1) AUC (area under the ROC curve) and (2) classification accu-

racy. Those measures are related to efficiency and effectiveness of the ANN and they 

have been often used for evaluation of classification models in the context of various 

practical problems such as credit scoring, income and poverty determinants or customer 

insolvency and churn [22, 23]. 

The starting point for the numerical experiments was the randomly selected split of 

the examined datasets into two parts, which corresponded to the training and validation 

with the following proportions: training 70%, validation 30%. The main criterion taken 

into account while learning the models was to gain good generalization of knowledge 

with the least error. The most commonly used measure to assess the quality of binary 

classification problem is AUC. Therefore, to find the best parameters for all models 

and to assure their generalization, the following function was maximized: 

f(AUCT, AUCW) = −
1

2
|AUCT − AUCW| +

1

2
AUCW, (5) 

where AUCT and AUCW stand for the training and validation errors, respectively. 

In contrast to other machine learning algorithms, ANN required special preparation 

of the input data. The vector of continuous variables were standardized, while the bi-

nary variables were converted such that the value of 0 was transformed into -1. 

Each time, 15 neural networks were learned with various parameters (the number of 

neurons in the hidden layer from 1 to 15). To avoid overfitting, after the completion of 

each learning iteration (with a maximum of 50 iterations), the models were checked for 

the error measure defined in equation (5). At the end, the ANN characterized by the 

smallest error was chosen as the best model. In order to achieve robust estimation of 

models' error, for each number of hidden neurons, ten different ANN were learned with 
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different initial weights vector. Final estimation of the error was computed as the aver-

age value over ten models and for each number of hidden neurons. 

4.2 Results 

Our research was conducted on several benchmarking data sets which are freely 

available. However, due to limited room, results for two datasets only are shown. We 

conducted the simulations using the dataset known as Churn (3333 observations 19 

predictors [24]) and Hepatitis [25] (155 observations and 19 predictors). Moreover, 

only relevant results related to the best performance in terms of equation 5 are dis-

cussed. For both datasets the networks with at least 10 hidden units delivered the robust 

results as provided in Tables 1 and 2.  

Table 1. The results for the Churn dataset. 

𝒒-

value 

Number 

of hidden 

neurons 

Avg number 

of iterations 

Training sample Validation sample AUC  

Equation 

No 5 
Accuracy AUC Accuracy AUC 

1.0 10 20.3 0.904 0.895 0.888 0.874 0.852 

1.2 10 14.8 0.913 0.906 0.899 0.886 0.867 

1.4 10 13.5 0.906 0.893 0.898 0.880 0.867 

1.0 11 17.7 0.921 0.915 0.904 0.891 0.868 

1.2 11 14.8 0.922 0.912 0.905 0.891 0.869 

1.4 11 14.9 0.909 0.896 0.901 0.884 0.871 

1.0 12 18.3 0.919 0.909 0.903 0.891 0.872 

1.2 12 15.0 0.913 0.906 0.901 0.894 0.882 

1.4 12 16.2 0.900 0.904 0.902 0.891 0.878 

Table 2. The results for the Hepatitis dataset. 

𝒒-

value 

Number 

of hidden 

neurons 

Avg number 

of iteration 

Training sample Validation sample AUC 

Equation 

No 5 
Accuracy AUC Accuracy AUC 

1.0 11 5.4 0.773 0.841 0.762 0.837 0.832 

1.2 11 4.1 0.772 0.838 0.755 0.835 0.832 

1.4 11 4.7 0.774 0.837 0.758 0.834 0.829 

1.0 12 6.0 0.778 0.844 0.756 0.837 0.830 

1.2 12 5.5 0.775 0.841 0.756 0.836 0.829 

1.4 12 5.1 0.770 0.836 0.754 0.833 0.827 

1.0 13 4.6 0.769 0.838 0.748 0.832 0.825 

1.2 13 4.3 0.771 0.836 0.746 0.830 0.824 

1.4 13 4.1 0.768 0.835 0.745 0.831 0.826 
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In particular, the results can be summarized as follows: 

 The best results were obtained for 𝑞-value equal to 1.0, 1.2 and 1.4; significant drop 

in classification accuracy was in general observed for 𝑞 > 2 (due to the limit of 

pages and the goal of the article set for the best results, data not shown).  

 Behavior of error function with 𝑞-parameter greater than 1 is more non-linier (see 

Fig. 1) than behavior of error function based on Shannon entropy (q ≈ 1); 

 ANN learned with 𝑞 > 1 required less iteration to achieve convergence in terms of 

Eq. (5);  

 Overall performance depends on number of input variables (input neurons) and num-

ber of hidden neurons; The choice of the proper network structure should be based 

on solid experiments, since this may lead to unwanted effects influencing the stabil-

ity and performance of the training algorithm and the trained network as a whole. 

5 Summary and concluding remarks 

The results of this study indicate that in classification problems, Tsallis entropy error 

function can be successfully applied in the neural networks yielding satisfactory results 

in terms of the number of iterations required for training, and the generalization ability 

of the trained network.  

The contribution of this study provides the proof that the 𝑞-entropy can substitute 

other standard entropic error functions like the Shannon’s one with satisfactory results, 

leading to less epochs and delivering the same percentage of correct classifications. The 

choice of the error function is indeed an important factor to be examined with great care 

when designing a neural network for a specific classification problem. 

Possible future research on this topic could consider two streams. Firstly, compara-

tive study on the impact of various error functions, including mean square error and the 

mean absolute error, used for various classification problems [26-28], should be made. 

Secondly, the effect of the proposed error functions on other types of neural network 

architectures, including application on a variety of real datasets, should be studied. 
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